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Abstract  
          Background. Viral quasispecies can be regarded as a swarm of genetically related 
mutants. A common approach employed to describe viral quasispecies is by means 
of the quasispecies equation (QE). However, a main criticism of QE is its lack of 
frequency-dependent selection. This can be overcome by an alternative formulation 
for the evolutionary dynamics: the replicator-mutator equation (RME). In turn, a 
problem with the RME is how to quantify the interaction coefficients between viral 
variants. Here, this is addressed by adopting an ecological perspective and resorting 
to the niche theory of competing communities, which assumes that the utilization of 
resources primarily determines ecological segregation between competing 
individuals (the different viral variants that constitute the quasispecies). This provides 
a theoretical framework to estimate quantitatively the fitness landscape. Results. 
Using this novel combination of RME plus the ecological concept of niche 
overlapping for describing a quasispecies we explore the population distributions of 
viral variants that emerge, as well as the corresponding dynamics. We observe that 
the population distribution requires very long transients both to A) reach equilibrium 
and B) to show a clear dominating master sequence. Based on different independent 
and recent experimental evidence, we find that when some cooperation or facilitation 
between variants is included in appropriate doses we can solve both A) and B).  We 
show that a useful quantity to calibrate the degree of cooperation is the Shannon 
entropy. Conclusions. In order to get a typical quasispecies profile, at least within the 
considered mathematical approach, it seems that pure competition is not enough. 
Some dose of cooperation among viral variants is needed. This has several 
biological implications that might contribute to shed light on the mechanisms 
operating in quasispecies dynamics and to understand the quasispecies as a whole 
entity. 
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Background 
The concept of quasispecies [1] refers to the equilibrium spectrum of closely related 
mutants, dominated by a master sequence, generated by a mutation-selection 
process. It has become an adequate descriptor of RNA viruses at the population 
level [2,3] and provides natural links between population biology and virology. 
Competitive exclusion and displacement when two viral populations with nearly equal 
starting fitness compete has been observed [4]. Thus, a challenging puzzle is how so 
many (sometimes very similar) variants can coexist in nature. In the case of ordinary 
ecosystems niche differentiation is obviously an important aspect to promote 
biodiversity [5]. However, the often striking similarity in coexisting variants suggests 
that other mechanisms must be involved.  
An infected individual can harbor several genetically related variants of the same 
species (assuming that this concept is valid for RNA viruses), and thus the host can 
be regarded as an ecosystem in which distinct viruses interact. 
These interactions are in general quite complex and may be direct or indirect -for 
example, when the host’s immune system responds against one particular viral 
variant, affecting the whole fitness landscape.  There is a process called 
complementation, in which one virus provides in trans a useful product that cannot be 
made by another variant. On the other hand, it was proposed that in trans acting 
defective gene products, expressed by mutagenized viruses can interfere with 
replication and prevent replication of pathogenic viruses [6]. Thus, under such 
circumstances viral phenotype may not necessarily reflects viral genotype. 
Obviously, if the viruses provide each other with useful resources the interaction is of 
mutual benefit. Indeed this is what it was found in the evolution of competitive 
interactions among RNA phage viruses [7]. When two mutants co-infect a cell the 
common resource pool allows the viruses to use each other’s protein products. The 
co-infection rescues the mutants, allowing them to reproduce when they would be 
otherwise unable to do so [8,9].  
Furthermore, it was recently found that for polio viruses the diversity of the 
quasispecies population, rather than selection of individual adaptative mutations, 
may determine pathogenesis through cooperative interactions [10,11].  
One of the common approaches employed to describe viral quasispecies is by 
means of the quasispecies equation [12] (QE) which is limited by the fact that it lacks 
frequency-dependent selection. In other words, the fitness of a particular phenotype 
  
4
is set to a constant value independently of the other competing `players´. This can be 
fixed by using the replicator-mutator equation [13] (RME), which represents a general 
formulation for the evolutionary dynamics.  
A far from trivial problem with the RME is how to get the interaction coefficients 
among variants. Here we adopt an ecological perspective and resort to the niche 
theory [14] of competing communities, which assumes that exploitation (or utilization) 
of `resources´ primarily determines ecological segregation. Thus, we regard the 
swarm of mutants that constitute a quasispecies as a set of interacting RNA 
molecules distributed along a hypothetical niche axis [15]. This allows, in a simple 
way, to estimate the size of the interaction coefficients of the RME. Basically, the 
degree of overlap between variants is what ultimately determines the intensity of 
these coefficients (see Method section).  
The other novel ingredient, besides the use of niche theory, is to consider the effect 
of some measure of cooperation or facilitation among viral variants. We start by 
showing that in general niche theory does not lead by itself to a `typical´ quasispecies 
profile (see Results section). Then we show that this problem can be solved if some 
dose of cooperative interactions between variants is taken into account. Therefore, in 
order to get a `typical´ quasispecies profile both competition and cooperation or 
facilitation between viral variants is needed. 
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Results  
In the case of pure competition, i.e. all interaction coefficients αij negative (see 
Method section), we obtain distributions like the ones shown in Figure 1, which 
represent in each row the evolution for a different value of  σ : σ  = 0.2, σ  = 0.15 and 
σ  = 0.1in rows 1, 2 and 3, respectively. The left panels are histograms of the 
fractions xi of phenotype i vs. their corresponding positions on the niche axis µi for Ng 
=500 (see Method section for a detailed description of parameters). In the three 
cases, a pattern of lumps -2, 3 and 4 respectively- separated by gaps along the niche 
axis emerges. This multi-lump population profile is in complete agreement with the 
one recently found by Scheffer and van Nes [16] for L-V competition models, dubbed 
by them as self-organized similarity (SOS). This is not surprising since the L-V 
competition model is mathematically equivalent to a replicator dynamics. In fact, up 
to now, the main difference between both treatments is in the way mutations are 
implemented, but this seems not to affect qualitatively the results. Furthermore, the 
observed inverse dependence in the number of lumps with σ was recently explained 
[17]. The right panels in Figure 1 show the temporal evolution of each fraction during 
the Ng =500 generations.  
Notice that this multi-lump pattern resembles several co-infecting quasispecies (one 
per lump) rather than a population profile of a single quasispecies. Moreover, after 
500 generations, a) there are many phenotypes that survived, and b) the viral 
ecosystem has not reached equilibrium yet (the population fractions of several 
variants are still considerably changing with time). So the pure competitive niche 
model does not seem to work properly. 
Let us now explore what happens when some degree of cooperation or facilitation 
between variants is included in this model by turning a random fraction fC of the 
interactions from competitive to cooperative (see Table 1 in Method section).  Figure 
2 is completely analogous to Figure 1 but when 1% (fC = 0.01) of all αij are positive, 
illustrating the dramatic changes introduced by taking into account even a very small 
amount of cooperation. First of all, notice that the multi-lump pattern disappeared and 
only some variants remain. This is particularly clear for σ  = 0.2 and σ = 0.15 with a 
master sequence that represents around 50 and 40 % of the population, respectively. 
In addition, the population profile does not change very much after a few hundred 
generations, in agreement with the concept of a quasispecies. In contrast, if σ  is too 
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small (Figure 2 row 3) the equilibrium can not be easily attained, and therefore these 
results offer a criterion to estimate a lower limit for this parameter. 
It is also interesting to evaluate the dependency on fC. Consider, for example, 
increasing it one order of magnitude, from 0.01 to 0.1. In this case there are no 
qualitative changes. However, if we increase the degree of cooperation even further 
to fC = 0.5 (50 % of cooperative interactions) and the other two parameters are set to 
σ = 0.15 and Pm=0.1, the whole picture changes again. Figure 3 clearly shows that 
after a few hundred generations, much more variants survive, the master sequence 
is below 14 % of the total population and still the populations are changing 
drastically. That is, the profiles for large values of fC become widely distributed, with a 
master sequence that seems under-represented. In order to further address this 
question we have performed, for different values of fC (and always for σ = 0.15), 1000 
simulations corresponding to 1000 distinct realizations. Each realization corresponds 
to a different random distribution of variant populations, and consequently different 
interaction matrices αij. Moreover, different growth rates ri were assigned. We have 
computed two quantities by averaging over these 1000 realizations: First, 1/ 2p , the 
number of variants, among the N = 100 considered, which after Ng =500 generations  
represent at least 1/2 of the master sequence (of course 1/2 is an arbitrary 
threshold). Second, another measure of variability given by the normalized Shannon 
entropy (S) calculated as Sn = - [Σi xi ln(xi)]/ln(N)]. The possible values of Sn range 
from zero (when there is just one variant, the master) to one (when all variants differ 
from one another and are equally represented). For normalized Shannon entropy 
applied to viral quasispecies see, for instance, reference [18]. 
We found that these average percentages 1/ 2p vary from 1.6 % for fC = 0.01 to 5.3 % 
for fC = 0.5 (see Table 2). Since we don’t have experimental data of quasispecies 
profiles with such detail, it is difficult to determine a critical value for fC, fC*. However, 
the scant experimental data seem to favor small values of 1/ 2p .  
In the case of Sn we have found that the average nS  varies from 0.474 for fC = 0.01 to 
0.471 for fC = 0.1 and to 0.592 for fC = 0.5, while in the case without cooperation, nS  = 
0.708. Therefore, the case in which fC = 0.5 appears to be closer to the purely 
competitive situation, indicating again too much variability. So these results also favor 
smaller values of fC.  
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Discussion 
In this study we have modeled quasispecies by the RME plus the ecological concept 
of niche overlapping to quantify the intensity of interactions within a quasispecies. In 
other words, the swarm of viral variants that constitute a quasispecies is regarded as 
a set of interacting viral variants distributed along a niche axis.  
The population distributions that emerge when only competition between variants is 
taken into account are different from what one would expect for a quasispecies 
profile: they are very unstable and resemble more to several coexisting quasispecies 
than to just a single one. Both problems can be solved if some dose of cooperation or 
facilitation between variants is included. It is worth stressing that this is just one 
possible solution to get a population profile that resembles that of a quasispecies 
from a general evolution model. The existence of cooperation among viruses is 
supported by recent experimental data, both in the case of co-infection [8,9] and 
among the variants that constitute a quasispecies [10].  In fact, the composition of a 
quasispecies mutant spectrum may indeed determine the viral population behavior 
through complementation or interference, i.e., positive and negative interactions, 
respectively [10]. It was recently demonstrated that interfering potential of replication-
competent mutants may eventually modulate viral infection and population behavior 
of highly variable RNA viruses [19]. 
In addition, we have found two, at first sight, surprising results. First, the cooperation 
among variants seems to undermine, rather than enhance, biodiversity: much more 
variants within a quasispecies survive in the case of pure competition between them 
than when some facilitation occurs. Second, the effect of changing a small 
percentage of interactions from competitive to cooperative is more drastic than 
changing a larger fraction. This becomes evident from the comparison between 
results for fC = 0.01 with those for fC = 0.5 cooperative interactions. These two 
outcomes can be understood, from a mathematical point of view, as follows. When a 
small number of positive interactions, completely at random, are incorporated, the 
fitness of the few ´lucky variants`, which receive help from others or become involved 
in cooperative cycles, soars. This has a strong destabilizing influence and, in 
consequence, many variants or RNA molecules disappear. So the whole effect is that 
diversity decreases. As the percentage of cooperative interactions is increased, the 
balance is gradually restored and so is diversity. This is also consistent with 1/ 2p and 
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Sn analysis (see Table 2); the higher the value of the proportion of cooperative 
interactions fC, the higher the value of these two parameters.  These data offer a 
guide to estimate the order of the percentage of cooperation that is needed to 
reproduce a quasispecies profile. In fact, Figure 2 fits better with the idea one has of 
a quasispecies than Figure 3.   
One might speculate that the profile of randomly assigned growth rates ri can have 
an important effect in the above results. However, we checked that with a uniform 
profile i.e. ri  = r = 1 for all variants results are qualitative similar. Thus in general the 
major role in determining the fitness of each variant comes mostly from the 
interaction with other variants.    
The above discussed results have several direct biological implications that may 
contribute to shed light over the mechanisms operating in population dynamics, 
particularly in quasispecies mutant spectra behavior. As it is known, in an infected 
organism during normal infection, multiple viral genomes compete for resource 
needed to complete life cycle. Due to the high mutation rate of RNA viruses [20], 
defective mutants or genome defectors coding for non-functional proteins able to use 
these resources arise, likely interfering with efficient replication of viable viruses. In 
fact, what lethal defection model proposes is that when a slight increase in the level 
of mutant defectors occurs (e.g., by mutagenic activity), viral extinction may be 
achieved [21].   
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Conclusions 
In this work we introduce two main novelties to mathematically describe the 
dynamics of RNA viral populations. First, we resort to niche theory in order to 
quantitatively estimate the interactions between viral variants constituting a 
quasispecies.  Second, we include cooperative interactions between these viral 
variants and analyze their effects from an evolutionary point of view. 
The model we propose is constituted then by two main parameters: the overlapping 
parameter σ, which controls the intensity of the interactions, and the percentage of 
cooperative or positive interactions fC, which determines the sign balance of these 
interactions (see Method section).  
Concerning potential applications, this model could be eventually applied to better 
understand complexity of viral population behavior in the course of chronic infections 
(e.g. those caused by Hepatitis C Virus and Human Immunodeficiency Virus).  
Finally, it is important to stress that in the RME model diversity by itself cannot 
promote facilitation or cooperation since the interaction matrix do not evolve. In fact, 
as in the canonical RME model there is always just competition. Therefore we 
explicitly introduce some dose of cooperation measured by fC. This is a nuance to ref. 
[10] in which the whole quasispecies diversity emerges as relevant in evolutionary 
terms. An evolving interaction matrix from which cooperation might emerge would 
imply a different and quite more complex model. Indeed this is a very interesting 
aspect concerning viral evolution, which is beyond the scope of this work but worth 
analyzing in the future. 
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Method 
Model 
We approach the quasispecies as an ecosystem, what implies that the fitness of 
each viral phenotype or virus variant results from the combination of its intrinsic 
properties (collected in a maximum growth rate parameter) and those resulting from 
its interactions (interaction coefficients, negative in the case of competition and 
positive for cooperation) with the other variants. Thus, in a very simplified way, each 
variant is represented by a single quantity which can be thought as an aggregate of 
several relevant properties like the affinity of the virus variant to bind to a cell 
receptor, its resistance to interferon, etc. In other words we are considering a 
hypothetical continuous one-dimensional niche axis. One may think in the case of 
ordinary ecosystems, involving plants or animals, that the `position´ of a species on 
this niche axis is related to its body size. 
  
Replicator Dynamics plus Mutations 
We denote by xi the relative abundance or frequency of phenotype i and then we 
have
0
1N ii x= = . The fitness of phenotype i is denoted by fi , a non-negative real 
number corresponding to the rate at which the phenotype i replicates. The average 
fitness of the population is given by
0
N
i ii
f x f
=
=

. During replication of a genome, 
mistakes can happen. The probability of replication of a variant i results in variant j is 
given by qij and then these mutation coefficients obey 1 1
N
ijj q= = .Since qii is the 
probability that the variant doesn’t change by mutation, the probability that it does is 
given by 1- qii. A common equation used to model replication of viruses is the 
quasispecies equation:  
1
1,...,
N
i
j j ji i
j
dx
x f q x f i N
dt =
= − =

.   (1) 
A problem with this equation is that the fitness of a particular type is set to a constant 
value. We want to allow the fitness landscape to incorporate the distribution of the 
population variants rather than setting the fitness fi of a particular variant constant. 
Alternatively, one could treat the swarm of virus variants as an ecosystem and use 
the Lotka-Volterra competition (L-V) equations:  
1
(1 ) 1,...,
N
i
i i ij j
j
dx
r x x i N
dt
α
=
= − =

,   (2) 
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where ri is the maximum per capita growth rate and the coefficients αij represent the 
interaction of variant j over variant i. These N  L-V equations are in turn 
mathematically equivalent to a set of N+1 replicator equations [22] given by: 
1
1
( ) 1,... 1
,
i
i i
N
i i ij j
j
dx
x f f i N
dt
f r xα
+
=
= − = +
=

.    (3) 
where f  is the average value of the fitness 
1
1
N
j j
j
f f x
+
=
=

 ,provided αN+1j = 0 for j = 
1,…,N+1, and αiN = ri  for i = 1,…,N. 
 
The replicator equation succeeds in incorporating to the fitness landscape the 
population distribution of variants but has the problem that, since it does not 
incorporate mutations, it is non-innovative.  Hence we will resort to a hybrid model, a 
kind of replicator with mutations or replicator-mutator equations, given by  
1 1
1 1
1
( ) 1,..., 1
0 1,..., 1
1 1,..., ,
N N
i
i jk ji i j k
j k
N j
iN
dx
r q x x x i N
dt
j N
i N
α
α
α
+ +
= =
+
= − = +
= = +
= =

  (4) 
to describe N virus variants evolving by selection and mutations. On the one hand, if 
there were no mutations, i.e. qij = 1 if i=j and 0 otherwise, equation 4 would reduce to 
the well known replicator equations. On the other hand, by replacing 
1
1
N
ij j
j
xα
+
=

by a 
fixed fi, we would recover the quasispecies equations. Therefore, this hybrid model 
generalizes the quasispecies and replicator equations joining the advantages of both 
of them: selection and innovation. Moreover, previously reported RME describing 
frequency dependant selection and mutation, has been used in population genetics 
[23] and language evolution [24]. 
 
Niche overlap, interaction coefficients and mutation probabilities 
To compute the coefficients αij, adopting an ecological point of view, let’s consider 
that the interaction between species (virus variants in our case) depends on the 
niche overlap. That is, on the `proximity´ along the niche axis: the closer the stronger. 
A given variant i is represented by a certain probability distribution position on the 
niche axis (ξ): P (ξ) around its average position µi.  
  
12
A reasonable assumption for the shape of P (ξ) is the normal 
distribution 2 2( ) /(2 )1
2
( )P e ξ µ σ
pi
ξ − −= . To avoid border effects, the niche axis is defined 
circular, i.e. we impose periodic boundary conditions, so that each variant has equal 
numbers of competitors on both sides. The intensity of the interaction between 
variants i and variants j is related to niche overlap, and thus to the probability P that 
individuals of the two variants are at the same position on the niche axis, which is the 
product of both probabilities. For two variants with probability distributions centered at 
µ1 = 0.4 and µ2 = 0.6 and both with σ  = 0.1, a schematic picture is given (Figure 4)  
 
Hence the absolute values of the interaction coefficients |αij | can be expressed as the 
ratio of the probability of matching an individual of variant j and the probability of 
matching one of the same variant, that is [15] : 
2
2
( )
4
2
( ) ( )
| | 1,... 1; 1,... 1
( )
i ji j
ij
i
P P d
e i N j N
P d
µ µ
σ
ξ ξ ξ
α
ξ ξ
+∞
−
−
−∞
+∞
−∞
≡ = = − = −


,      (5) 
(hence αii = 1). The sign of the αij is negative or positive depending if the interaction 
is competitive or cooperative, respectively.  
We assume that the mutation probabilities qij also depend on the proximity along the 
niche axis, and then they are proportional to the absolute value of the αij for the case 
of i different from j. The proportionality factor m is chosen in such a way that the 
probability of an error in each variant replication Pm ≡1- qii where the brackets .. 
denoting the average over the population, is of the order of 10 %. In any case, we 
checked that the model is quite robust against variation of this parameter. Figure 5 
shows the evolution of the population profile for σ = 0.15 after 250 and 500 
generations. From panels (A) to (C) it becomes clear that the initial phenotype is 
disappearing (indeed after 1000 generations it becomes 0 for all practical purposes).   
Moreover, we checked that the emergence of this pattern is independent from the 
chosen initial configuration, e.g. the same occurs if one takes an arbitrary distribution 
of random `seeds´ consisting in many different viral phenotypes distributed along the 
niche axis.  In this case the diagonal probabilities qii are computed using the 
normalization condition 
1
1N ijj q= = . 
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We proceed by partitioning the segment [0-1] representing the niche axis into N=100 
sub-segments each corresponding to a given virus variant, i.e. the viral phenotypes 
are binned into N=100 categories. We start with these variants uniformly distributed 
at positions µi on the niche axis, each with the same niche width given by the 
standard deviation σ (typically σ =0.15). Then we let the system evolve over Ng 
generations according to eq. 4. 
Initially we consider the case of pure competition, i.e. all the αij are negative. Next we 
allow some dose of cooperation or facilitation between species. We implement this in 
the simplest way: a fraction fC of the interactions, chosen at random, turns from 
competitive to cooperative i.e. if some of the αij change of sign and become positive. 
As in the case of pure competition the whole interaction matrix remains fixed during 
evolution. Thus in particular we want to stress that the interaction between two given 
variants doesn’t switch between being cooperative and defective during the evolution 
of the quasispecies.   
 See Table 1 for brief description of parameters involved in the model. 
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Figures 
Figure 1 - Population fractions for the case of pure competition. 
Figure1.  Relative abundance of each variant after 500 generations for, respectively, 
σ  = 0.2,  σ = 0.15 and σ = 0.1. Corresponding temporal evolution of the fractions of 
each variant is shown (left panels). 
 
Figure 2 -Population fractions for the case fC = 0.01.   
Figure 2. Analogous to Figure1 for the case of fC = 0.01. Relative abundance of each 
variant after 500 generations for σ  = 0.2, σ = 0.15 and σ  = 0.1. Corresponding 
temporal evolution of the fractions of each variant is also shown. 
 
Figure 3 - Population fractions when half of the interactions are cooperative. 
Figure 3. Relative abundance of each variant after 500 generations (Left) and 
temporal evolution of the fractions of each variant (Right). 
 
Figure 4 - RNA molecules niche position (ξ) and overlapping. 
Figure 4. Scheme showing two normal probability distributions centered at µ1 = 0.4 
and µ2 = 0.6 of two RNA molecules, both with σ  = 0.1. The region in black 
corresponds to the overlap between the two normal distributions.  

Figure 5 - The independence from the initial state. 
Figure 5. Panel (A) shows the evolution of the population profile for σ = 0.15 starting 
from only one viral variant at an arbitrary position µj on the niche axis (that is, xi=0 for 
all i ≠ j and xj = 1). Panel (B) and (C) corresponds to the population profile after 250 
and 500 generations, respectively. Emergence of three different lumps becomes 
clearer after 500 generations. 
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Tables 
 
Table 1.  Parameters involved in the model 
PARAMETER Controls Typical values 
Standard dev. of pop. distributions σ Niche overlap 0.1-0.2 
Mutation proportionality factor  m Phenotype Mutation Rate 
Pm per generation 
0.0035-0.002 so that  
Pm =0.1 
Maximum per capita growth rate  ri Intrinsic growth rate Random number in [0,1] 
Fraction of positive interactions  fC Degree of cooperation 0.01 
 
Implicancies of each parameter included in our model is listed; the quantities they 
control and their typical values. 
 
 
Table 2. Role of fC in the model. 
fC 1/ 2p  Sn 
0.01 1.6 0.474 
0.1 3.0 0.471 
0.25 3.7 0.505 
0.5 5.3 0.592 
 
1/ 2p  -the average % of viral variants whose population represent at least ½ of the 
master sequence- for different  fC and normalized Shannon entropy Sn is shown. 
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